We extend the class of recently formulated scalar-nonmetricity theories by coupling a fiveparameter nonmetricity scalar to a scalar field and considering a mixed kinetic term between the metric and the scalar field. The symmetric teleparallel constraint is invoked by Lagrange multipliers or by inertial variation. The equivalents for the general relativity and ordinary (curvature-based) scalar-tensor theories are obtained as particular cases. We derive the field equations, discuss some technical details, e.g., debraiding, and formulate the Hamilton-like approach.
Both the success and failure of general relativity (GR) motivate community to conduct the study of gravity theories in two directions. The first direction focuses on finding alternative formulations of general relativity, and a well-known example of this kind is teleparallel gravity [1] . The latter imposes a zero curvature constraint which yields to an alternative interpretation of gravity: it is torsion [1, 2] or nonmetricity [3, 4] rather than curvature that mediates gravitational interaction. Though a mere rephrasing should not extend the scope of the theory, it might give new insights and deeper understanding than the original formulation. For example in classical mechanics the Noether theorem does not reveal anything that could not be deduced from the equations of motion. The theorem is nevertheless useful as it points out what to look for.
The second direction in the study of gravity theories involves extensions of general relativity. Perhaps the simplest extension is given by including a scalar field in the gravity sector yielding to scalar-tensor gravity [5, 6] . The first generation of scalar-tensor theories without derivative couplings or higher derivative terms involves a nonminimal coupling between the scalar field and the curvature scalar and therefore these theories are dubbed also as scalar-curvature theories. Although one could consider multiple scalar fields [7] and higher generations of scalar-tensor theories such as Horndeski [8] and beyond [9] , the simplest scalar-curvature theories exhibit inflationary solutions [10] , and are powerful enough to explain phenomenologically the early inflationary epoch [11] or the current accelerated expansion of the universe.
In this paper our route encompasses both of the aforementioned directions: we reformulate general relativity using the symmetric teleparallel connection and extend the theory by allowing arbitrary coefficients in the quadratic nonmetricity scalar (referred to as the newer general relativity in [4] ) which is nonminimally coupled to a scalar field. This generalizes the theories formulated in [12] where the quadratic nonmetricity scalar was simply the quadratic Einstein Lagrangian, which without nonminimal coupling would yield to the symmetric teleparallel equivalent of general relativity.
Considering affine connection as an independent variable in addition to the metric is referred to as the socalled Palatini variation or working in the metric-affine framework. The research directions involving nonmetricity are not new and there are several studies in this field mainly in the context of metric-affine gravity and possible microstructure of spacetime [13] [14] [15] [16] [17] [18] . General affine connection contains additional structures to the Levi-Civita connection such as torsion and nonmetricity. As the latter are tensorial, one can argue at a textbook level that including them yields to just a theory with some additional fields [19] . However, from the gauge theory perspective one may ascribe to torsion and nonmetricity a more fundamental meaning and thus provide a further motivation for their inclusion [20] . A related issue is whether the connection is coupled to other matter fields and whether it is constrained. A well-known example with the gravitational Lagrangian given by the Ricci scalar is the case where a symmetric connection is neither coupled to matter fields nor invoking any other constraints, then the Palatini variation yields to no modification of the Levi-Civita connection. One can motivate the introduction of constraints from similar considerations in mechanics where constraints play a very useful role (e.g., describing the motion of a simple pendulum). In the current work we thus impose the symmetric teleparallel constraint, for previous studies involving symmetric teleparallelism consider [3, 4, 21-32, 32 1 / 3 ]. The symmetric teleparallel connection relies only on nonmetricity and does not possess neither curvature nor torsion which yields to some interesting corollaries. One can transform to a zero connection gauge and thereby covariantize the partial derivatives as well as the split of the Einstein-Hilbert action into the Einstein Lagrangian density and a boundary term [3, 4] . The symmetric teleparallel covariant derivatives commute, this property can be for example used in order to eliminate the Lagrange multipliers from the connection equation [12] . Instead of introducing the Lagrange multipliers, one could alternatively assume the symmetric inertial connection from the beginning and perform the so-called inertial variation, both methods yield the same equations for the connection (for similar calculations in the torsion-based teleparallel framework see [33, 34] ).
As this paper accompanies the work of [12] we look in more detail some of the issues discussed there but also use a different perspective. Thus in addition to the nonminimally coupled quadratic nonmetricity scalar we add to the action a mixed kinetic term and discuss its role in relation to scalar-curvature theories. In fact the particular expression is motivated by the boundary term in general relativity, and hence we are actually including a disguised curvature-based scalar-tensor theory. It is worth to pay attention that in principle one could consider modified or exotic matter fields which are coupled to symmetric teleparallel connection and yield to nonvanishing hypermomentum. In the latter case we would not obtain a simple scalar-tensor (or general relativity) equivalent since the matter sector is deformed.
A new perspective is the classical mechanics viewpoint of the quadratic nonmetricity theory. One can interpret the metric g as the "generalized coordinates" and its covariant derivative Q, which by definition is the nonmetricity, as the "generalized velocity". In the simplest case, by "lowering the index" with the geometric object G, which is "the metric" in the kinetic term, one obtains the conjugate momentum (or superpotential). One can further transform to the Hamilton-like formulation and define the field space metric G . It is noteworthy that the objects G and G possess several interesting properties from which one could obtain some physical insights (e.g., the initial value formulation).
We adopt the conventions
for (anti)symmetrization. We use the mostly plus signature of the metric and set c = 1.
The paper is organized as follows. In the Section II we revise the concepts of nonmetricity and symmetric teleparallel connection (in that section stressed by STP on top of quantities, e.g., STP ∇), write down the quadratic kinetic term for the metric, and recall the contracted second Bianchi identity. Section III is devoted to postulating the action and deriving the field equations for the metric tensor g µν , the scalar field Φ, and for the connection Γ λ µν . In the Section IV we make use of STP ∇ λ g µν = 0 in order to formulate a manifestly covariant Hamiltonlike approach. Section V concludes the paper. The main body of the paper is followed by Appendixes A-E, which contain further mathematical details.
II. FOREKNOWLEDGE A. Nonmetricity Qωµν
The nonmetricity
enters the coefficients of the affine connection as
where
is the Levi-Civita part of the connection,
and
Here
is the torsion. (Note that the torsion has been included for completeness. Actually, in the following sections we assume it to vanish.)
The nonmetricity tensor (2) possesses two independent contractions
The first of them is related to the invariant volume form as
A straightforward calculation leads us further to √ −gR In the current paper we shall utilize the symmetric
In that case, based on the Proposition 10.4.1. in Ref. [36] , there exists a coordinate system {ξ σ } where the connection coefficients 
where T is a tensor (density) of arbitrary rank (and weight). Secondly, in an arbitrary coordinate system {x µ }, the connection coefficients read [4] 
where {ξ σ } are the coordinates for which (8) holds. Thirdly, one can covariantize the split [3] √ −g
where [see Eq. (8) in Ref. [3] , and also, e.g., Eq. (28) in Ref. [4] ]
is the quadratic Einstein Lagrangian, and
is the boundary term, hosting the second derivatives of the metric that reside in LC R. From the viewpoint of the Levi-Civita connection, neither (11a) nor (11b) is a tensor. However, both terms can be covariantized by considering the symmetric teleparallel connection and promoting the partial derivatives in (11a ′ ) and (11b ′ ) to covariant ones, thus reversing the line of thought that underlies (8) . The Einstein quadratic Lagrangian (11a ′ ) yields [see, e.g., Eq. (17) in Ref. [4] , as well as Eq. (18) in Ref. [12] ]
while [cf. Eq. (17) in Ref. [12] ]
is the covariantized version of the boundary term (11b ′ ), as
C. Kinetic term for the metric g µν The nonvanishing covariant derivative of the metric g µν allows us to consider the kinetic term for the metric indeed analogously to the kinetic energy in classical mechanics. Let us define
with constants c 1 , . . ., c 5 , and definitions (2), (4), contracts in Eq. (15) to give [4] 
Let us point out that in addition to the symmetries
1 Note that in this section we actually do not need to assume the symmetric teleparallel connection, we just need the nonmetricity. Thus, the quantities Q λµν , etc., will not be equipped with 'STP' on top. Concerning notation, see also Subsubsec. III A 1 and footnote 4. 
in the sense of the Definition 3.9 in Ref. [38] . Precisely the quality (18c) furnishes the result [see definitions (12) in Ref. [26] and (18) in Ref. [4] ]
From (19a) one can clearly see a similarity to classical mechanics. In terms of an analogy, for the simplest case, the free particle, the "generalized momentum" P λ µν is obtained by taking the derivative of the "kinetic energy" 1 2 Q with respect to the "generalized velocity" Q λ µν . "Lowering the index" of the "generalized velocity" with the "metric" G λ µν ω σρ yields the "generalized momentum".
A straightforward calculation shows that the variation of (16) yields
The positioning of the indices emphasizes that the variation respects the symmetries (18) of G λ µν ω σρ , i.e.,
While it is clear that varying with respect to a symmetric object g αβ must yield a symmetric result, a straightforward calculation verifies
and therefore there is no need to invoke the symmetrizing brackets. Analogously
where the minus sign appears due to the convention (2).
Equivalent of general relativity
By comparing Eqs. (12) and (17), we conclude that the symmetric teleparallel equivalent of general relativity is covered by the coefficients
Expression (16) reduces to
which is the contracting object in (11a ′ ), symmetrized with respect to (18) . In particular the splitting of the last term appears due to (18c). Let us point out that the variation (20) , applied to (22) , is useful also in the context of general relativity, if one plugs the Einstein Lagrangian (11a ′ ) into the Euler-Lagrange equations. Definition (19b) yields
[cf. definition (24) in Ref. [12] ].
D. Bianchi identity
If we impose (7), then
Therefore, by making use of the definitions (3b), (12), (23) , and the result (24),
is the Einstein tensor. One can show that for a symmetric tensor
By a straightforward calculation
where in addition to (20) we made use of
The obtained result also follows from the symmetries of the index structure of the included objects. In particular, based on (23),
Hence, acting on (30) with
and taking into account that the covariant derivatives commute (9) yields to the zero result (29).
Bianchi identity backwards
Yet another possibility for obtaining the general relativity motivated coefficients (21) is the following. Let us consider generic coefficients c 1 , . . ., c 5 and the definition (19b). By imposing
we obtain 62 different terms, which vanish identically, if
Hence, up to an overall multiplier, we obtain the general relativity motivated coefficients (21) . One can loosen the conditions by demanding only the second derivatives of STP Q λµν to vanish. The explicit terms in (32) are
which are the three independent possibilities for placing indices. Hence, we slightly deform the system (33) to yield
It is interesting to note that the sum (36) is mentioned in [4] after Eq. (23) . Whatever deviation from the coefficients (21), however, instantly introduces dozens of terms into (32).
E. Remark
Let us point out that many of the presented results are actually valid in the usual curvature-based general relativity as well. Namely, Eqs. (24) are rather the usual definitions in the symmetric teleparallel disguise, than links between different geometries. Intuitively, if we consider the coincident gauge (8) then
Therefore, one recognizes that in the coincident gauge (8) the result (24a) is just the usual definition of the Riemann curvature tensor in terms of the Levi-Civita connection. A straightforward calculation verifies that the same holds in an arbitrary coordinate system -the con- (25) is also just a disguise.
The same holds for the Bianchi identity. In the case of a coordinate transformation
for (31) one can show
which verifies that the Bianchi identity has nothing to do with the symmetric teleparallel connection. In the coincident gauge STP ∇ = ∂ and due to (39) a change of coordinates actually does not introduce symmetric teleparallel connection coefficients into (31) . Partial derivatives as well as symmetric teleparallel covariant derivatives commute. Hence, the part with partial derivatives vanishes separately, and thus, the other half with connection coefficients STP Γ λ µν must vanish separately as well. The field equations for the symmetric teleparallel equivalent of general relativity are given by the Einstein tensor (25) which is sourced by the usual energymomentum tensor, and the Bianchi identity (31) . Hence, in that theory and on that level the basic geometrical object, the nonmetricity tensor Q λµν is left undetermined, as we have the freedom to declare whatever coordinate system to be the coincident gauge (8) . Note that a similar result was obtained for a slightly more general case in Ref. [38 3 / 4 ]. We conclude that on the level of the field equations the symmetric teleparallel equivalent of general relativity is rather just the general relativity, based on the curvature of the Levi-Civita connection, but disguised as a symmetric teleparallel theory. The situation, however, changes drastically, once we extend the theory.
III. ACTION AND FIELD EQUATIONS

A. Action
Let us postulate an action for the metric g µν , scalar field Φ, connection Γ ω σρ , and matter fields, collectively denoted by χ, as
composed of the following components. The kinetic term for the metric g µν ,
contains in addition to the nonmetricity scalar Q, defined by (15) , also the dimensionless nonminimal coupling function A(Φ). Roughly speaking, as in scalar-curvature theories [5] , the latter introduces a scalar field dependent gravitational "constant" ∝ κ 2 /A(Φ). Here the constant κ 2 wields the dimension, and its numerical value must be determined from the Newtonian limit.
The kinetic term with noncanonical kinetic coupling function B(Φ), and self-interaction potential V(Φ) for the scalar field Φ are described by
The scalar field Φ, as well as the functions B(Φ) and V(Φ) are considered to be dimensionless. Note that we have introduced yet another dimensionful constant ℓ −2 = length −2 = ∂ 2 . In addition to pure kinetic terms, one can include mixed term for the metric g µν and scalar field Φ as
In principle, by making use of (13), we have just integrated the boundary term in (11) by parts. Let us point out that the latter is indeed only a motivation, because we do not have to consider any boundary terms explicitly when postulating the action (40) . The term (41c) has been introduced with a constant parameter ǫ. If the matter Lagrangian L m is directly imported from general relativity, i.e., without any alterations 3 , then there are two particularly interesting subcases. i) If ǫ = 0, and the coefficients c 1 , . . ., c 5 are given by (21) , then the action (40) is equivalent to the action (20) in Ref. [12] .
ii) If ǫ = 1, and the coefficients are again those originating from general relativity (21) , then the action (40) is equivalent to the action in scalar-curvature theories, see, e.g., action (2.2) in Ref. [6] , but without the boundary term.
The symmetric teleparallel conditions (7) are enforced by making use of the Lagrange multipliers
where by assumption
describes the matter fields χ. Note that L m may depend on the connection coefficients Γ λ σρ .
Concerning notation
First, we vary the action (40) with respect to the Lagrange multipliers and in what follows, we already assume the symmetric teleparallel connection (7), unless stated otherwise. Therefore, due to narrower scope, we will omit some of the notational specifications used in [12] and also in the previous parts of the current paper. In particular, we omit the STP on top of quantities, and keep the notation somewhat simpler. Nevertheless, occasionally it is neater to use the Levi-Civita connection, which in that case would be denoted by LC on top of the quantities.
Second, we drop the arguments of the functions A, B and V. In addition to taking spacetime derivatives of these functions, we introduce the derivative with respect to the scalar field Φ as
B. Field equation for the metric g µν Varying the action (40) with respect to the metric g µν leads us to the expression
.
(43) Therefore, the equation of motion for the metric g µν is
where the energy-momentum tensor T µν is defined as
Due to (20c)
where the tensor q µν is defined by Eqs. (21), (98) and also (13) in Refs. [4] , [27] and in the first version of [31] , respectively. Let us point out that on the third line of (44), P λ µν is indeed the quantity (23), corresponding to general relativity, and not the generic P λ µν , defined by (19) . This, and also the appearance of the Levi-Civita covariant derivatives on the same line, is due to the fact that Eq. (41c), the Lagrangian L b is related to general relativity. One can write down different versions of the same equation and some of those can be found in Appendix E. For completeness, we include the boundary term
where B σ (m,g) is the part that in principle may arise from the unspecified matter action S m . The boundary term (46) does not contribute to the field equations, and contains only the variation δg µν of the metric, and not its derivative [cf. Eq. (6) in Ref. [40] ].
Further comments
It remains for further study, how this observation is related to the initial value problem. See Theorem on page 13 in Ref. [41] . Contracting (44) yields
where T ≡ g µν T µν , and the constants C 1 and C 2 are defined by (A2a).
C. Field equation for the scalar field Φ
Varying action (40) with respect to the scalar field Φ reads
(49) Hence, the dynamics for the scalar field is governed by
while
[cf. Eq. (7) in Ref. [40] ]. Adding (48) to (50) yields
D. Debraiding the equations (44) and (50) For solving the field equations (44) and (50) or equivalently (52), it would be good to have them debraided [42] . Let us consider two distinct cases.
then, with respect to spacetime coordinates, (44) contains second order derivatives of only the metric, and (50) contains second derivatives of only the scalar field. Hence the equations (44) and (50) are in that case naturally debraided. Let us recall that this means dropping the boundary-term-motivated Lagrangian L b , defined by (41c). This observation holds for each choice of the coefficients c 1 , . . ., c 5 .
In the scalar-tensor extension of general relativity [corresponding to the coefficients (21), and ǫ = 1], one would have to transform to the Einstein frame, in order to obtain the situation, where the equations are debraided [40] . Thus, one could argue, that if ǫ = 0, then the theory under consideration is postulated in the Einstein frame. On the other hand, the matter fields couple to the metric residing in geometry Lagrangian, and hence, it is the Jordan frame. Therefore, contrary to the scalarcurvature case, one could say that for the theory with ǫ = 0 (see, e.g., [12] ), the Einstein and Jordan frames coincide, exactly as in general relativity. In other words, the matter fields couple to the propagating tensorial degree of freedom. However, to be more conservative, we follow Ref. [43] and refer to the frame as the debraiding frame (see Section VI.C in Ref. [43] ).
Let us point out that in this case, adding (48) and (50) to yield (52) actually introduces second derivatives of the metric to the equation for the scalar field.
ii) If
then the equation (44) for the metric g µν inevitably contains the second derivatives of the scalar field Φ (note the LC ∇ µ LC ∇ ν A term, which is not a scalar). One may, however, ease finding solutions by trying to debraid the equation for the scalar field Φ. From (52) it follows that sufficient conditions are
Varying the action (40) with respect to the connection Γ λ µν reveals
Thus,
where, as in the variation with respect to the metric, B σ (m,Γ) is the part which in principle may arise from the unspecified matter Lagrangian (41e). The hypermomentum density is defined as
and at this point it may have antisymmetric part, but this will not contribute into what follows. Due to (9) and (41d ′ )
which can be easily proven, if one opens the symmetrizing parenthesis in (57), and takes into account [cf. Eq. (30) in Ref. [12] ]
and the Bianchi identity
(see Subsec. II D). The result (61) is easily derived from (30) and
1. Varying with respect to ξ σ Instead of varying the action (40) with respect to the generic connection Γ λ µν , and imposing flatness and torsionless conditions via the Lagrange multipliers (41d), one may assume the form (10) and vary with respect to the coordinates ξ σ [see also discussion following Eq. (13) in Ref. [26] ]. Note that if this approach has been chosen, then the Lagrangian (41d) vanishes and therefore no derivatives of the connection appear in the action (up to the possibility for introducing exotic matter). Let us note that
First, varying with respect to ξ σ indeed gave us Eq. (60). Second, from (65) (∂x λ /∂ξ σ )δξ σ = δx λ , which means that varying with respect to ξ σ is varying with respect to the coordinates x λ . Third, the boundary term (66) contains ∂ ν δξ ρ . Let us point out that the procedure was based on varying the connection coefficients Γ λ µν with respect to ξ σ , and hence the idea holds for arbitrary E (Γ) λ µν .
Equation with GR motivated coefficients
Let us consider the coefficients (21), originating from general relativity, and matter action which does not contain generic connection. Then P (µν) λ = P (µν) λ , and the equation for connection simplifies to
Hence, for the action where ǫ = 0, i.e., without the boundary-term-motivated Lagrangian (41c), we obtain the equation (30) in Ref. [12] . However, if ǫ = 1 and we are thus considering an action that is equivalent to the action in scalar-curvature tensor theories [see action (2.2) in Ref. [6] ], then the symmetric teleparallel connection is not constrained by this equation. It turns out that in that case, on the level of the field equations we are once more considering a curvature-based theory in symmetric teleparallel disguise -the coefficients of the symmetric teleparallel connection do not appear in the equations. See also Subsec. II E. The connection equation (67) can be expressed as
where the left hand side is evaluated in ξ σ ′ coordinates, stressed (only in this subsection) by adding a bar on top ofḡ, and a prime along the indices. The result (68) just transforms the right hand side under a change of coordinates, convincing us that ξ σ ′ are the coordinates in which the connection coefficients vanish.
In such theory, for particular ansätze of the metric g µν and the scalar field Φ, Eq. (68) provides us a differential equation for determining the Jacobian matrix ∂ξ
3. Simple example of Γ λ µν = 0
Although the choice Γ λ µν = 0 is always consistent with the symmetric teleparallel conditions (7), it might nevertheless lead to contradictions if a theory is presented in a particular coordinate system. Let us consider the GR motivated coefficients (21). The equation for the connection is then (67) or analogously (68). In Ref. [12] we studied spatially (LeviCivita) flat Friedmann cosmology as an example (see Section V in Ref. [12] ). It turned out that vanishing connection coefficientsΓ 
and secondly the scalar field is assumed to depend only on cosmological time, i.e.,
Equation (68) verifies that result immediately. Namely, both the metricḡ µν and the scalar field Φ only depend on the cosmological time t and hence the antisymmetrization on the first line yields zero. Reducing covariant derivatives to partial ones is in this case a consistent procedure. The nonvanishing components of the nonmetricity are
where H ≡ȧ/a, andȧ ≡ da/dt. Perhaps the simplest example of nonvanishing symmetric teleparallel connection coefficients arises, if one evaluates (70a) in spherical coordinates
resulting in
The corresponding Jacobian matrix 
Expressions (76) [19] ]. The covariant derivative with respect to the time direction thus reveals nonmetricity as
which corresponds to (71). All other components of the covariant derivative yield zero also in the spherical coordinates.
F. Continuity equation
Let us consider the diffeomorphism invariance of the action (40)
where we have used (44), (50), and (57), respectively. By calculating the Lie derivatives, i.e., L ζ g µν , L ζ Φ and L ζ Γ λ µν [see Ref. [44] , in particular Eq. (10) for the Lie derivative of the connection], integrating by parts, neglecting matter equations and boundary terms, we obtain
In order to calculate the first line
we made use of (E1), (26) , (24b), and (62). If the coefficients c 1 , . . ., c 5 are GR-motivated (21), then for two particular cases the usual continuity equation
is manifestly fulfilled. First, if A = 1, i.e., we consider the symmetric teleparallel equivalent of general relativity (with minimally coupled scalar), second, if ǫ = 1, i.e., the equivalent to scalar-curvature theories (see, e.g., Ref. [6] ). If this is not the case, then let us also include the third additive expression from (79). Combining (80) and (60) yields
which also follows from
i.e., from the diffeomorphism invariance of the matter action (41e ′ ).
IV. HAMILTON-LIKE APPROACH
A. Field space metric G λω Let us define
where in order to suppress some indices, we have used a convention where, e.g.,
The capital Greek letter indicates the first small Greek letter. Here
and thus the field space metric (83) only depends on the usual metric g µν and on the scalar field Φ but not on their derivatives. By introducing
we may write the kinetic terms in the action (40) as
Here, in order to simplify the notation, we adopt
One can thus write the whole Lagrangian (density) (41), a function of the metric g µν , its "generalized velocity"
λ , the scalar field Φ, ∂ λ Φ, and matter Lagrangian L m as
Note that we have not included the Lagrangian (41d) for the Lagrange multipliers. We assume the connection to have the symmetric teleparallel form (10) , and in that case ξ resides entirely in the "generalized velocity" ∇ λ g µν . Hence, the whole Lagrangian is indeed only a function of the scalar field and the metric along with their "generalized velocities", and matter Lagrangian L m .
B. "Generalized momenta"
Based on analogy, let us define "generalized momenta" as
In this section, for simplicity, we assume that the matter Lagrangian L m depends on the metric only algebraically.
In principle one could also consider more generic cases, where these momenta also include, e.g., the Levi-Civita connection contribution to the matter Lagrangian L m .
The details of such calculations are beyond the scope of the current paper, but there does not seem to be any obvious reason, why the following results should not hold for the generic cases as well. In order to construct a "Hamiltonian", one should invert G λω . This fails in only two distinct cases. First, if the condition (B4) does not hold, and hence G ΛΩ is not invertible (at least not via such an ansatz ). Second, if the multiplier (C4) vanishes. Of course we also assume that A = 0. For all other cases G λω is invertible. See Appendix C.
"Generalized momenta" in distinct cases
First, let us consider the case ǫ = 0, then
and we see that the fields are debraided as suggested in Subsection III D. Second, in the case of the coefficients (21) and ǫ = 1, corresponding to the scalar-curvature [6] equivalent,
where in addition to the quantities (22), (52a), (84), we also definedĝ
which is the Einstein frame (invariant) metric [see Eq.
(18) in Ref. [45] , and Eq. (8) in Ref. [46] ]. Moreover
is the Einstein frame (invariant) scalar field [see Eq. (15) in Ref. [45] and Eq. (5b) in Ref. [46] , also Eqs. (55), (60) in Ref. [45] ]. Note that in that case we can transform to the Einstein frame, where A = 1, and debraid the variables.
C. Hamilton-like equations
The "Hamiltonian" is
gathers the "generalized momenta", and is transposed if necessary. A straightforward calculation verifies
Calculating the equations for ∇ λ Π λ , and checking the consistency with Eqs. (44) and (50), namely showing that up to choice of variables
is rather easy if one makes use of the result
Note that we do not need to calculate the expression explicitly, because the inverses G
−1 λω
contract with "generalized momenta", thus yielding up to a multiplier the "generalized velocities", analogously to the Lagrangian case. In principle, however, one can also calculate the variation of the inverse explicitly, by making use of
which can be shown via (B1) and (20) . Note that for simplicity we assumed that the matter Lagrangian does not depend on the derivatives of the metric tensor, therefore
Unfortunately one cannot use a Poisson brackets like structure because the chain rule cannot be invoked. The field equations already contain contractions and by making use of these one cannot calculate neither (99) unless perhaps in the case when there is a dependence only on one coordinate, in which case the necessity for contractions would drop somehow appropriately.
Let us point out that in such a Hamilton-like scheme we only obtain the equations (95), and hence there is no equivalent to the connection equation (60). We can, however, reproduce this equation by taking into account the diffeomorphism invariance of the action, see Subsec. III F. In Eqs. (95) the connection is present in the symmetric teleparallel covariant derivative which by a suitable choice of coordinates can be transformed to ordinary partial derivative. In the generic case such a transformation is permitted, and consistency must be checked only after one has chosen particular ansätze for the metric and the scalar field. Let us recall that varying with respect to ξ σ is due to (65) varying with respect to the coordinates x λ .
V. SUMMARY
In recent years teleparallel theories have gained more attention as alternative theories of gravity. While one mostly works in the torsion-based setting, there has been interest in the direction of symmetric teleparallelism, where instead of curvature or torsion gravity is effectively described by nonmetricity. In the current paper we extended the class of scalar-nonmetricity theories by coupling the quadratic five-parameter nonmetricity scalar to a scalar field. This coupling resembles scalartensor theories where the scalar field is coupled to the metric tensor degree of freedom. As our previous work [12] indicates, when one considers as the quadratic nonmetricity scalar the equivalent for general relativity, one obtains a different theory than a simple scalar-curvature extension of general relativity. The current work on the one hand broadens this extension by five parameter generalization of the general relativity motivated quadratic nonmetricity scalar (the newer general relativity [4] ), and on the other hand the inclusion of the boundary-termmotivated mixed kinetic term for g µν and Φ allows us to obtain an equivalent to the ordinary scalar-curvature theory as a particular subcase.
Much of the literature on symmetric teleparallelism is phrased in terms of differential forms (see, e.g., [3, [21] [22] [23] [24] ), and only recently coordinate basis and explicit formulation in terms of tensor components have gained more attention (see [4, 12, [25] [26] [27] [28] [29] 31 , 32 1 / 3 ]). Thus, for the benefit of the reader, we included some foreknowledge in the Section II. As most remarkable results from this section, it is, firstly, interesting to observe that the variation of the metric-like object G λ µν ω σρ in the contraction (15) is given in terms of itself as expressed in (20) . The hunch behind the result is the following. In the general relativity the Einstein tensor contracts to minus the Ricci scalar, i.e., minus the Einstein-Hilbert Lagrangian. We expect that in the nonmetricity based theory also at least part of the variation with respect to the metric contracts to minus Q. Hence, in a sense we have to "detach" the contraction Q = Q λ µν P λ µν to yield (45a). The result is also useful in the curvature-based general relativity, covered by (22) , as we can first make the noncovariant split (11) and then vary the Einstein Lagrangian (11a ′ ). Secondly, let us point out that in many expressions the inclusion of the symmetric teleparallel connection is just a disguise, as there exists a purely Levi-Civita connection based version, see, e.g., (24) for the Riemann tensor, and (29) for the Bianchi identity. In the coincident gauge (8) symmetric teleparallel covariant derivatives reduce to partial ones, and a rule of thumb is the following. Let us choose the coincident gauge (8) , and interpret the thereby obtained partial derivatives as regular partial derivatives, i.e., that do not transform covariantly by themselves. If the whole expression transforms as a tensor nevertheless, then this expression does not depend on the symmetric teleparallel connection in any coordinate system [see, e.g., Eq. (39)].
The action (40) in Section III is motivated as follows. Firstly, the inclusion of the scalar field potential V in (41b) in principle allows to describe both early and late time accelerated expansion of the Universe, as the potential behaves similarly to the cosmological constant. Secondly, the inclusion of the generic five-parameter dependent nonmetricity scalar Q in (41a) stems from the observation that the basic field equations (44), (50) and (57) have the same form regardless of the particular values of the coefficients c 1 ,. . .,c 5 . Thirdly, it is remarkable and at the same time expected, that the general-relativity-boundary-term-motivated Lagrangian (41c) leads to general-relativity-motivated P λ µν [definition (23) ] when varied with respect to the metric as on the third line of Eq. (44), as well as when varied with respect to the connection which after some manipulation leads to Eq. (60).
The Hamilton-like formulation in Section IV first of all draws attention to the fact that nonvanishing nonmetricity immediately allows to introduce a manifestly covariant "generalized velocity" for the metric. Note, that on the level discussed in the current paper, the variables are the "generalized coordinates" g µν , Φ, the corresponding "generalized momenta" Π Λ (g) , Π λ (Φ) , and in addition the matter fields. The symmetric teleparallel connection is not explicitly present and this might ease solving the equations. A particularly interesting subcase is the equivalent to the scalar-(curvature)tensor theories (see, e.g., Ref. [40] ) given by ǫ = 1 in the Lagrangian (41c) while c i -s are given by (21) . In fact, as the symmetric teleparallel connection drops out in this case, we have a curvature-based theory in the symmetric teleparallel disguise. Such a formulation in a sense allows an in-terpolation between curvature-based and nonmetricitybased scalar-tensor theories. The "generalized momenta" for this particular theory, i.e., Eqs. (90) are consistent with our previous knowledge as they turn out to be the momenta for the Einstein frame metric and scalar field, which describe the two types of propagating degrees of freedom [47] . Last but not least, in order to construct a "Hamiltonian" (93), we must in principle invert the field space metric G λω , defined by (83). For the subcase under consideration the necessary and sufficient condition for the field space metric to be invertible is (C7), which in this case (ǫ = 1), is the multiplier of the d'Alembert operator in Eq. (52), and generalizes the condition ω = − 3 2 for the Brans-Dicke parameter [5, 47] .
There are different directions for future work. One could study some specific applications, e.g., in order to distinguish the simplest scalar-nonmetricity and scalartorsion theories [34, 43, [48] [49] [50] one could study perturbations on a cosmological background (see Ref. [51] ) or carry out the conventional Hamiltonian analysis. Similar studies could be carried out in order to compare the new and the newer general relativity (see Refs. [52] and [31, 32 1 / 3 ] for recent references concerning the theories, respectively). From the curvature-based scalartensor theories it is known that the spontaneous scalarization effect has a considerable influence in the strong field regime, e.g., in astrophysical objects such as neutron stars, even if in the weak field regime the theory is indistinguishable from general relativity (see, e.g., [53, 54] and references therein). It would be most intriguing to study, especially nowadays, the possible spontaneous scalarization and its consequences, in particular on the gravitational waves, also in the context of the family of scalarnonmetricity theories proposed in the current paper. Another direction would be to study more general actions in the symmetric teleparallel framework, e.g., include more coupling functions or couplings to matter (for the latter, see [29] ), include the parity violating term, consider higher derivatives.
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The coefficients C 2 , C 3 , C 4 , C 5 , C 7 are linearly independent and form a basis. One can show that
while C 8 and C 9 are more complicated combinations, also including C 7 . The first four of these coefficients enter the theory through [see definition (19b)]
Also, if one considers the local Weyl rescaling of the metricḡ
the nonmetricity tensor Q λµν and its two contractions transform as
Thus, based on the definition (17) , it follows that
For GR motivated values (B11a) Eq. (A7) yields Eq. (33) in Ref. [12] . 
(B1) explicitly, we make an ansatz as
A straightforward calculation leads us to the following system of linear algebraic equations
The matrix of the coefficients is regular, if
In order to invert (83), i.e., the field space metric G λω , let us recall, how block matrices are inverted. From Wikipedia [55] A B C D
(C1) where
In our case
which is invertible, if the multiplier 
Hence, we see that dividing by zero can only occur, when (B4) vanishes, but in that case the coefficients k i cannot be determined via (B3).
In the GR motivated case (B10), or analogously (21) we obtain
i) If ǫ = 0 then this result accommodates the multiplier of the d'Alembert operator in the scalar field equation of motion (50) .
ii) If ǫ = 1, then the multiplier is the same as (52a), i.e., the multiplier of the d'Alembert operator in (52) [see also definition (12) in Ref. [45] ]. Under the assumptions this particular equation does not contain second derivatives of the metric tensor, because the conditions (55) are fulfilled. Note that this case corresponds to the scalar-curvature theory [6] , and hence one can transform to the Einstein frame and decouple the "generalized momenta" (90), which then also contain (C7).
iii) If ǫ = 0 and ǫ = 1, then (C7) differs from (52a) by ǫ 2 multiplier.
The inverse for the field space metric (83) reads
A straightforward calculation verifies that indeed
Note that the prescription (C1) could be used recursively, and hence, if the momenta (88) would also include contributions from the matter Lagrangian L m , then the inverse (C8) could be used in the later steps of the recursion.
and due to that symmetry it is natural to seek for some diagonal partitioning procedure for such an object. A visit to Mathematics Stack Exchange site [56] reveals the following. Let
M ≡
A B C D (D2) be a block matrix, then
where I 1 and I 2 are some suitable unit matrices. In our case C = B T and A −1 T = A −1 . Under these conditions (D3) turns out to be a congruence transformation P T M P where
Due to
Eq. (D3) is not a similarity transformation and thus the term diagonalization would not be suitable. However, for tensor components with two indices at the same vertical position, it is exactly the congruence transformation that corresponds to a change of the basis. In our case
and thus
In this diagonal partitioning scheme F ≡ D − CA −1 B is already familiar from (C3).
The "generalized velocities" (86a) transform as
If the coefficients k 1 , . . ., k 5 are given by (B10), and ǫ = 1 then we obtain the familiar result
whereĝ σρ is defined via (91). Note that in such a form we must include symmetrizing parenthesis explicitly. Let us consider the case ǫ = 0, and G λ µν ω σρ = G λ µν ω σρ (see definitions (16) and (22), and Lagrangian (41c)), then one can write a more transparent form [cf. Eq. (26) in the first version of Ref. [4] ]
(E3) Note that due to (6a ′′ ) and (7b)
